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1 Abstract 

In this paper, we show that some five-dimensional rotating black hole solutions of both 
gauged and ungauged supergravity, with independent rotation parameters and three 
charges admit separable solutions to the massless Hamilton-Jacobi and Klein-Gordon 
CN ■ equations. This allows us to write down a conformal Killing tensor for the spacetime. 

Conformal Killing tensors obey an equation involving a co- vector field. We find this 
co-vector field in three specific examples, and also give a general formula for it. 

o : 

§ 1 Introduction 

o : 

"c^ It has long been a goal of theoretical physics to understand the origin of the Bekenstein- 
' Hawking entropy of black holes. One potentially fruitful way of attacking this problem is by 
using holography and, in particular, the AdS/CFT correspondence [I]. From this perspective, 
it is useful to study asymptotically AdS solutions of gauged supergravity since this theory 
>- ! arises after reducing ten or eleven dimensional supergravity theories on an S n . Type IIB 
^ ' su P er § rav ity can be reduced on an S 5 to give five dimensional gauged supergravity in an 
^ asymptotically AdS?, spacetime. In this case, the boundary theory will then be M = 4 super- 
Yang-Mills theory which is relatively well understood. Eleven-dimensional supergravity can 
be reduced on an S 7 , but then the dual theory lives on the boundary of AdS±, and is poorly 
understood. In the D = 5 case, the S 5 has isometry group 5*0(6) which contains U(l) 3 as a 
Cartan subgroup. In this paper, we study the hidden symmetries of black hole solutions that 
are charged under the three U(l)s. 

Higher dimensional black holes are currently an area of considerable interest. Higher di- 
mensional, asymptotically flat, Kerr black holes were first found in ;2j and the asymptotically 
(A)dS analogues were found more recently in j^j. The five-dimensional Myers- Perry and Kerr- 
(A)dS black holes were shown to possess Killing tensors for arbitrary rotation parameters in 
jl] and [S| respectively, and in the case where the rotation parameters can take one of two 
different values, a Killing tensor has been found in all dimensions |6 . 
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Generalisations to rotating black holes with electrical charge have been found. In the case of 
D = 5 minimal gauged supergravity, an electrically charged black hole with equal rotation 
parameters was found in [7j and was shown to possess a reducible Killing tensor in jHJ. The 
solution with unequal rotation parameters was found in [H] and an irreducible Killing tensor 
for this solution was computed in [TU] . 

Other generalisations have also been discovered. For example, higher dimensional, black holes 
with NUT charge and a single, non-zero, rotation parameter were found in [IT, and Killing 
tensors for these solutions were found in ^2]- A class of cohomogeneity-2, rotating, AdS black 
holes in higher dimensions with a generalisation of the NUT parameter was found in J3| and 
the Killing tensors were computed in [T^ ITo] . Kerr-NUT-AdS black holes with arbitrary 
rotation parameters have recently been found in |16j . 

In this paper, we investigate the separability of some five- dimensional black hole solutions 
with three charges and two arbitrary rotation parameters. The first black hole solution that 
we study is the general solution in ungauged Af = 2 supergravity with three unequal charges 
that was found in [T7| . The second solution arises from 5*0(6) gauged supergravity and 
has two of its three charges equal |18j . The final black hole solution that we study is the 
supersymmetric, U(l) 3 black hole found in [19]. 

All the metrics that we work with have cohomogeneity-2, and the inverse metric has the 
property that when multiplied by some scalar function, it separates additively into tensors 
depending on only the two non-trivial coordinates. Unfortunately, the function that we have 
to multiply the inverse metric by is complicated, so we can only separate the Hamilton- Jacobi 
equation in the case of null geodesies. This introduces a constant of the motion that is 
quadratic in the canonical momenta and is due to the existence of a non-trivial conformal 
Killing tensor. The fact that all of these black hole solutions possess a conformal Killing 
tensor is unsurprising as they can all be put into the canonical form presented in [20] • 

Several examples of such black holes are known, and in this paper, we investigate whether 
they are geodesically integrable. In fact we find that this is only possible if we consider 
massless particles. This is related to the existence of a non-trivial conformal Killing tensor 
which obeys the equation V ^K U(J ) = g^V^ for some co-vector field V a . In this paper we find 
a general formula for the co-vector field based on fairly relaxed conditions on the spacetime 
metric which all known three-charge black holes satisfy. 

There is some ambiguity in the way in which we separate the Hamilton- Jacobi equation. For 
the cohomogeneity-2 metrics that we are considering in this paper, the massless Hamilton- 
Jacobi equation gives a constant of the motion that is quadratic in the canonical momenta, and 
can be written in two different ways. Thus, the separation of the Hamilton- Jacobi equation 
gives rise to two distinct conformal Killing tensors. It turns out that these generate two 
different co-vectors, which differ by the gradient of a scalar function This can be traced back 
to the fact that the two Killing tensors differ by a scalar function multiplying the metric. 
It seems that these co-vector fields act rather like U(l) gauge fields and an antisymmetric 
field strength tensor can be defined that is invariant under such gauge transformations and 
perhaps it is this that should be regarded as the entity with physical relevance. 

The structure of this paper is as follows. In section 2, we consider the three charge solution of 
ungauged supergravity found in [TZj . We show that the Hamilton- Jacobi equation is separable 
in the massless case and we show that this is due to the existence of a non-trivial conformal 
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Killing tensor which we find. We then compute the associated co-vector field and show that 
the Klein-Gordon equation is also separable in the massless case. In section 3, we repeat 
this analysis for the non-extremal black hole solution of U(l) 3 gauged supergravity with two 
charges set equal and the third related to it ^H]- In section 4, we show that the same results 
hold true for the recently found supersymmetric solution of U(l) 3 gauged supergravity found 
in ^Hj- In section 5 we prove some general results about the form of the associated co- vector 
fields and show that they control the evolution of a scalar function constructed from the 
conformal Killing tensor along the worldline of a massive particle. Finally, in section 6 we 
present our conclusions. 

2 Three-charge black holes from ungauged supergrav- 
ity 

In this section, we examine the three-charge five-dimensional black holes found in In 
ungauged supergravity, one can use solution generating techniques to add charges to the 
neutral Myers- Perry black hole |2j . The solution that was found in J7j can be written in the 
following form: 



ds 2 = A* 



A A r (r 

4m sin 2 6 



A 

4m cos 2 6 



p 2 (a ch e ch el ch e2 — b sh e sh el sh e2 ) + 2mb sh e sh el sh e2 ) dtdcj) 



+ 



sin 2 fl 



cos / \ 
\yP 2 (p ch e ch el ch e2 — a sh e sh el sh e2 ) + 2ma sh e sh el sh e2 J dtdijj 

(V 2 + a 2 + 2msh 2 )(p 2 + 2msh 2 1 )(p 2 + 2m sh 5 



4) 



A 

+ 2m sin 2 9{ (a 2 ch 2 — b 2 sh 2 )p 2 + 4m a b sh e sh e i sh e2 ch e ch e i ch e2 

- 2msh 2 lS h 2 2 (a 2 ch 2 + 6 2 sh 2 ) -2m6 2 sh 2 (sh 2 1 + sh 2 2 )})d0 2 

+ ({r 2 + b 2 + 2m sh 2 ) (p 2 + 2m sh^) (p 2 + 2m sh 2 2 ) 

+ 2m cos 2 9{(b 2 ch 2 — a 2 sh 2 )p 2 + 4m a b sh e sh e i sh e2 ch e ch e i ch e2 

- 2msh 2 lS h 2 2 (6 2 ch 2 + a 2 sh 2 ) -2ma 2 sh 2 (sh 2 1 + sh 2 2 )})# 2 

4m sin 2 6 cos 2 9 ( . , 2 „ /,2 ,2 1212 i i i 2 m 
+ ^ («HP - 2m(sh 2 el sh 2 2 + sh 2 sh^ + sh 2 sh 2 2 )} 

+ 2m{(a 2 + b 2 ) ch e ch el ch e2 sh e sh el sh e2 — 2ab sh 2 sh^ sh 2 2 } j d(f)dvp 



(2.1) 

Here, we have used the notation sh e = sinh<5 e , sh el = sinh<5 e i and sh e2 = sinh5 e2 where 5 e , 
5 e i and 5 e2 are the SO(l, 1) boosts that were applied to the neutral rotating solution in order 
to obtain the three charge solution. Also, ch e = cosh 5 e and likewise for the other boosts. We 
have defined the following functions: 

A = (p 2 + 2msh 2 )(p 2 + 2msh 2 1 )(p 2 + 2msh 2 2 ), (2.2) 
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p 2 = r 2 + a 2 cos 2 9 + b 2 sm 2 9, (2.3) 

and 

A r (r) = (r2 + fl2)(r2 + 62) ' 2mr2 . (2.4) 

The gauge fields that give rise to the three charges have the following origin: The first one 
is the Kaluza-Klein gauge field associated with the first compactified direction, the second 
gauge field comes from the ten-dimensional two form field associated to the first compactified 
direction, and the field strength of the third gauge field is dual to H^p which is the three- 
form field strength of the five- dimensional two-form B^. The duality between the three and 
two-form field strengths is given by 

e 4^/3 

H^" = -y-f=e^ pX °F Xa , (2.5) 
where the dilaton field, ip is given by the equation 

The determinant of this metric is surprisingly simple. We find that 

^/-detg = rsin6 cos 9A 1/3 . (2.7) 

The inverse metric is also relatively simple and has the non-trivial property that A 1 / 3 g^ v is 
additively separable as a function of r and a function of 9. We obtain: 

A 1/3 g tt = -a 2 cos 2 9 - b 2 sin 2 9 - r 2 - 2m(sh 2 + sh 2 el + sh 2 2 ) - 2m 

- 4^- (r 2 (l + sh 2 + si& + sh 2 2 + sh 2 sh 2 el + sh 2 sh 2 2 

+ sh 2 x sh 2 2 ) - (a 2 + b 2 ) sh 2 sh 2 ! sh 2 2 

+ 2a6ch e ch el ch e2 sh e sh el sh e2 j , 

A 1/3 g^ = r 2 (a ch e ch e i ch e2 - 6 sh e sh e ish e2 ) 

+ b{2m — b 2 ) sh e sh e i sh e 2 + ab 2 ch e ch e i ch e 2^ , 

A 1/3 g^ = --^-1 r 2 (6ch e cheiche2-ash e sheishe2) 

+ a(2m — a 2 ) sh e sh e i sh e 2 + a 2 b ch e ch e i ch e 2 J , 



1 2m& 2 + (r 2 + fr 2 )(a 2 -6 2 ) 
sin 2 9 r 2 A r 
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A l/3 w = 1 2ma 2 + (r 2 + a 2 )(& 2 -a 2 ) 
; cos 2 9 r 2 A r 



2mab 
r 2 A r ' 

n 



AV3^ = 

A 1/3 g rr = A 

A^g 06 = 1. (2.8) 



2.1 The Hamilton- Jacobi equation 

The Hamilton- Jacobi equation can be used to generate the equations of the geodesies in this 
background. If the Hamilton- Jacobi equation is completely separable, then geodesic motion 
will be integrable. For free, uncharged particles, the Hamiltonian is H = hg^p^Pu, where 
are the canonical momenta, and the corresponding Hamilton- Jacobi equation is 

dS_ 1 ^ dS dS 

where S is Hamilton's principal function and r is the parameter along the worldline of the 
particle. Due to the isometries that are present in this background, t, <fi and ip all appear 
linearly in S, so we have: 

S = i m 2 r -£t + $0 + ^ + F(r,fl). (2.10) 

If we multiply ()2.9j) by As, then we can use the additive separability of A^g^ to try to fully 
separate S. Substituting ()2.1()|) into (|2.9j) and multiplying through by 2A3, we obtain 



m As 



i / - i ,„,\ dS OS , 



which will not allow us to separate the r and 9 dependence of F(r, 9) for arbitrary rotation 
parameters and charges, due to the complicated form of As, unless m 2 = 0. In the much less 
general cases where the rotation parameters are equal, a = b, or if the charges are all equal, 
8 e — $ei — fie2, the Hamilton- Jacobi equation will separate for arbitrary m 2 . Neither of these 
cases are of interest to us, so we deduce that the Hamilton- Jacobi equation with arbitrary 
rotation parameters and arbitrary charges will only separate if the mass, m, is set to zero. 
With m set to zero, we can write F(r,6) = S r (r) + Se(0) and then the ^-dependent part of 
the separated Hamilton- Jacobi equation is 

K = -(a 2 cos 2 9 + 6 2 sin 2 9)E> + & + *L + , (2.12) 

sin 9 cos 2 9 \ d9 I 

where K is the separation constant. By writing K = K^p^pv, where is the canonical 
momentum, we find the following expression for the symmetric rank 2 tensor, K^ u : 

= -(a 2 cos 2 9 + b 2 sin 2 0)5ffi + + ^± + S ffi. (2.13) 

sin 9 cos 2 9 

It is easy to check that K^ v is a conformal Killing tensor, obeying the equation 

VfrK„ P )=9Qu,V p) , (2.14) 
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where is some co-vector field associated to the conformal Killing tensor. By contracting 
indices in equation ([2.140 . one obtains the following equation for V^, 

V» = ^V V K" V + ^VK U U , (2.15) 
which gives us the very simple expressions for the (co-)vector field, 



V" = ^-SS ^V,= (^AiV. (2.16) 
2.2 The Klein-Gordon equation 

In the same way that we can separate the Hamilton- Jacobi equation in the case where the mass 
vanishes, we can separate the Klein-Gordon equation in the case of massless particles. This 
is because we would have to multiply the mass term, M 2 $, by A 1 / 3 , which is a complicated 
function of r and 9. 

The massless Klein-Gordon equation can be written in the following form: 

M (V=0<r&$) =0. (2.17) 
If we seek a separable solution to this equation, of the form, 

$ = e' lU]t e i ^e i ^Q{9)R{r), (2.18) 
then we obtain the following equation for 0: 

1 d ( . „ n dO\ a 2 (5 



. sm9cos9—\--^--^— + uj 2 (a 2 cos 2 9 + b 2 sin 2 9) = k, (2.19) 
6 sin 9 cos 9 d9\ d9 I sin 9 cos 2 9 

where k is the separation constant. By making the change of variable, z = sin 2 9, we can 
rewrite this equation in the following form: 

1 1 / a 2 p 2 

z z — 1 / dz 4z(l — z) \ z 1 — z 



d 2 e 






+ 


dz 2 








a 2 




z 



,, /r \ /s 

1 1 - 1 z J Az{l - z) y ' 

In general, this differential equation has regular singular points at z = and z — 1, and 
an irregular singular point at z = oo and it can be recast in the form of a confluent Heun 
equation. In the special case where the rotation parameters are equal, a = b, then z = oo is 
a regular singular point, and the solution which is regular at z = is 

Q(9) = Acos^ 2 #sin H/2 #F( 7+ ,7_;l + |a|;sin 2 ^, (2.21) 

where 

Id + 13+ 1 , 1 



7± = ' 1 ± -Vl-A; + a 2 w 2 . (2.22) 

The corresponding equation for R(r) is complicated and we shall not examine it here. 
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3 Non-extremal black holes in D = 5, 50(6) gauged su- 
pergravity 

In this section, we consider non-extremal, rotating, black hole solutions of five-dimensional 
50(6) gauged supergravity. The solutions that we shall consider have arbitrary rotation 
parameters, giving the metric cohomogeneity-2, and are charged under all three gauge fields 
m the U{lf sub group of 50(6). The charges are not all independent 2 as they depend only 
on a single parameter, 5. The metric to be considered is [T8j : 



ds 2 



H-i 



X(r) 



at — asm u— ocos 



C fab , b sin 2 Odd) a cos 2 6 dib\ 2 
-A T dt — ^ 

Zsm 2 9/a, 1 dd>\* W cos 2 9 / b , I dnb\* 
4 — [— dt-— =H + . — (— eft- — ^-1 



P 2 V3 f2^a 



+ Hl( P ^dr 2 + ^de 2 



h h -6 ' 



where 



fi = r 2 + a 2 , f 2 = r z + b\ f 3 = fj 2 + 2mr' sinh' 8, 



„2 , 1,2 



P 2 



= r 2 + a 2 cos 2 6> + V sin 2 0, p=p 2 + 2m sinrT 5, if - , . 

p 2 



A/ 2 



- 2m + ^( 2 (/i + 2msinh 2 6)(f 2 + 2m sinh 2 <5), 



C = hf 2 \X + 2m 



Am 2 sinh 4 5 
? 



■lr< , •/-'./':', 



z = -vc + 



W = - a 2 C + 



2/-, , /l/3 



/ 3 - #V(a 2 - o 2 ) (/! + 2m sinh 2 5) cos 2 

/ 3 + #V(a 2 - o 2 )(/ 2 + 2m sinh 2 8) sin 2 
a = 1 — a 2 g 2 and = 1 — b 2 g 2 . 



The three gauge fields are 



A l = A 2 



2m sinh 5 cosh 8 



and 



A 3 



P 2 



2m sinh 8 



(m ■ 2a d h 2a dl 
[at — asm. o— ocos o— 

\ 1 — \ n \ — 1 



dip 
b 



P 1 



I sin 0— — h a cos d-^- J . 



2 In fact, two of the charges are equal. 



3.1 

3.2 
3.3 
3.4 

3.5 
3.6 

3.7 
3.8 

3.9 



(3.10 
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1 2 

There are also three scalar fields: Xi = X 2 = H~s and X 3 = Hs. These scalars are not 
directly relevant to the study of symmetries on the phase space, but they are important when 
computing thermodynamic quantities like charge. 

The determinant of this metric can readily be computed and we find that, 

i — rH^p 2 sin 9 cos 9 

V-dets = . (3.11) 

1 — 'a^b 

The inverse metric has the remarkable property that p 2 H%g tMU is additively separable as a 
function of r and 9. We find that it is given by 

9 2 H E a E b (a 2 cos 2 9 + b 2 sin 2 9) Aa 2 b 2 q 2 m 2 , r 

p 2 mg tt = i + — smh 4 <5 

Ag r A X 

_ ^ + b 2 _ a 2 b 2 g 2 + ginh 2 5(a 2 + & 2 _ ^2^ 

- ^^!fl + 2sinh 2 ( 5-(a 2 + 6 2 )/sinh 2 ^ 
r z X \ J 



X 



■(/i + 2m sinh 2 $) (f 2 + 2m sinh 2 5) , 



p 2 H l g t4> = ^^_^(^ b f 3 ^2mb 2 [g 2 (f 1 + b 2 )smh 2 5- C osh 2 5 + 2mg 2 smh i 6] S ), 

fHig* = ^ " ^{^fs ~ 2ma 2 [g 2 (f 2 + a 2 ) sinh 2 5 -cosh 2 5 + 2m/ sinh 4 5]), 

p 2 Hh H = El(Eb x C ° t2 9) - % ( - 9 2 b 2 fs + (a 2 - b 2 )f 2 + 2m& 2 [l - g 2 (f 1 + b 2 ) sinh 2 5 
A« r z X \ 



p 2 Hh^ = ^ ^ ^ - ( - gV/s + (& 2 - a 2 )h + 2ma 2 [l - g 2 (f 2 + a 2 ) sinh 2 5 



S 2 (S fe + cot 2 i 


9) S 2 / 




r 2 X V 


— 2mg 2 sinh 4 5} 




E 2 (E a + tan 2 ( 


5) 2 2 / 


A e 


r 2 X V 


— 2mg 2 sinh 4 5]^ 




abg 2 E a E b 


abE a E b / 




r 2 X \ 


— 2mg 2 sinh 4 5] j 


> 


= A e , 




= X. 





= -^^-^^ -g 2 h + 2m[l-g 2 (r 2 + a 2 + b 2 )sinh 2 6 



p 2 Hlg 6 

p 2 m g rr = X. (3.12) 
3.1 The Hamilton-Jacobi equation 

In order to check whether the Hamilton-Jacobi equation is separable or not, we substitute 
(|2.10|) into ()2.9|) and multiply through by p 2 Hs. As in the previous section, if m ^ 0, we are 
unable to separate the Hamilton-Jacobi equation. In the massless case, the ^-dependent part 
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of the separated Hamilton- Jacobi equation is 

K = S a S b (a 2 cos 2 9 + b 2 sm 2 6) E2 _ 2aE a E b ^ _ 265 tt 5 6 
Ag Ag Ag 

+ gg»+gg^ + ^±^1 ^ _ Wg^OT + ^ (W\ 2 . (3 . 13 ) 
A e A A e \d0 J 

The r-dependent part is much more complicated, so we restrict our analysis to the simpler 
case for the moment. 

By writing K = K^p^py where {p^} are the canonical momenta, we find: 

K"> = ~ " b(a2 CQS ^ + ^ Sln2 9) 5W + ^(ffff + ffff) + ^(ffff + 5^) 

E 2 a (E b + cot 2 9) E 2 (E a + t&n 2 9) abg 2 E a E b 

+ Xe + + + A^ S W A^ — (W + W 

+ AoSffi. (3.14) 

This is a conformal Killing tensor and obeys ()2.14j) with the vector field given by 

w = A ^^\ v » = d °(p 2H2/3 K ( 3 - 15 ) 

3.2 The Klein-Gordon equation 

Again, due to the complicated nature of the function p 2 H%, we can only find separable 
solutions to the Klein-Gordon equation in the massless case. Substituting the separable 
Ansatz ()2.18|) into the massless Klein-Gordon equation (|2.17|) . we find the following differential 
equation for 0(0): 



sin 9 cos yAfi 



9sin0cos0 dB\ dO 



E a E b u 2 (a 2 cos 2 9 + b 2 sin 9) 2auaE a E b 



Ag A, 



2(5ujbE a E b a 2 E 2 a (E b + cot 2 9) 2af3E a E b abg 2 (3 2 E 2 (E a + tan 2 



Ag Ag Ag Ag 



k, (3.16) 



where k is the separation constant. This equation can be made simpler by letting z = sin 2 9. 
Doing this, one finds that 

= rf2Q | ( 1 | 1 | 1 V 9 | ( "^ 2Q2 i ^E b U 2 b 2 



dz 2 \z z-1 z-dldz \ AzA 2 z 4(1 - z)A\ 
aE a E b au bE a E b (3uj a 2 ^l^b a 2 E 2 a 



2 



2z(\-z)A 2 z 2z(l-z)A 2 z 4z(l-z)A 2 z Az 2 A 

(3 2 E a E 2 [3 2 E 2 + a(3E a E b abg 2 _ k Q ^ ^ 



4z(l -z)A\ Az 2 A 2 z 2z(l-z)A 2 z Az(l - z)A z 

where d = E a /g 2 {b 2 — a 2 ) and A z = g 2 (a 2 — b 2 )(z — d). This differential equation has four 
regular singular points and can straightforwardly be put into the form of Heun's equation. If 
a = b, we obtain a differential equation with three regular singular points whose solution can 
be given in terms of hypergeometric functions. 
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4 Supersymmetric black holes from D = 5, U(l) 3 gauged 
supergravity 

We consider the most general known supersymmetric solution of D = 5, U(l) 3 gauged su- 
pergravity which was recently found in [T^]. It has two angular momenta and three charges 
corresponding to the three Maxwell fields. Rather than being a five parameter theory, the 
absence of closed timelike curves imposes a constraint, so there are only four free parameters. 
This leaves us with the following metric: 



ds 2 = -H'^dt + u^d^ + u^dip) 2 + H^h mn dx m dx n . 
Here, H = H1H2H3 where 

y/E a E b (l + g 2 pi) - A e 



We also have the following definitions 



, m 7 n 2 \ dr 2 d9 2 cos 2 9 

h mn dx m dx n = r 2 {— + — + 



sin 



g — j ■ — 



(4.1) 



(4.2) 



cos 2 9[p 2 g 2 + 2(1 + bg)(a + b)g 



dip 2 



E a + sin 2 9 [p 2 g 2 + 2(1 + ag)(a + b)g 



+ 



2 sin 2 9 cos 2 9 



1 — 'a — 'b 



p 2 g 2 + 2(a + b)g + (a + b) 2 g 2 



dipdcfi 



(4.3) 



r 2 [g 2 r 2 + (1 + ag + bg) 2 }, A e = 1 - a 2 g 2 cos 2 9 - b 2 g 2 sin 2 9, 
l-a 2 g 2 , E b = l -b 2 g 2 , p 2 = r 2 + a 2 cos 2 9 + b 2 sin 2 9, 



(4.4) 



and 



^4, 



g cos 2 9 
r 2 E b 

g sin 2 9 



p 4 + (2r 2 t + b 2 )p 2 + \ (fc - a 2 b 2 + (a 2 - b 2 )g- 2 ) 
p 4 + (2r 2 m + a 2 )p 2 + \ (fc - a 2 6 2 - (a 2 - 6 2 )^ 2 ) 



r m = ( a + % 1 + ab, 



(4.5) 



(4.6) 



. 2 V / S a H b (l - V-a-fc) , 3(1 — V-a-fc) 2 , -x 

^2 = ^ a -&(PlP2+P2P3 + P3Pl) g (P1 + P2 + P3) H j • (4.7) 



It seems as if this solution depends on five parameters: pi,p 2 ,p 3 ,a and 6. However as 
mentioned above, there is a constraint, so there are only four independent parameters. The 
constraint is 

1 (4-8) 



Pl + p 2 + P3 



2^ + 3(T 2 (l- 
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The determinant of this metric can be written as follows: 

, (r 2 H^) r sin 9 cos 9 

V /Z det^=^ >— . 



(4.9) 



Using this determinant, it is a long but straightforward calculation to find the inverse metric. 
We find: 



1 



4<f 



A, 



+ 



1- ( - + 2//3 2 (2r 2 + a 2 + b 2 + a 2 6 2 /) 



(3 + 4^ - H a S b ) 



r 2 R\g^ = 



1 — 'a 


2H fo 


2^ 


A e 




2~ a 


2^ 


A, 



+ 



A r 



2~ a , 2H a r 2 + 6 2 S a - 4aVr^ - 2aV - ^ - /? 2 ^ 2 



A r 



1 — 'a — 'b 



a! a* 



^2 
"6 



cot 2 9 r 2 

A e + A~ r 

tan 2 6 1 r 2 
— — + — 
A fl A. 



r 2 Hsg rr = A r , 

= Ag. 



(4.10) 



This shows that r 2 Hs g^ v is additively separable as a function of r and 
The constant J used above in the g a component is defined by the equation: 

j = (i + <?Vi)(i + + ^ 2 /i 3 )- 



(4.11) 



4.1 The Hamilton- Jacobi equation 

As in the previous two examples, the Hamilton- Jacobi equation (|2.9jl is only completely 
separable 3 , for arbitrary charges and rotation parameters if m 2 = 0. This is due to the fact 
that Hs is not a simple function of r and 9. 



3 That is, we can write the F(r, 9) part of (|^TU|) as F(r, 6) = S r (r) + Sg(6). 
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If m? = 0, then the ^-separation equation is 



K 



12s 4 A* + 



+ 



H a cot # $ 



,tan6>^> 



A 6 



7a7 



dSo 



d0 



(4.12) 



From the 9 separation equation, we can extract a second order tensor, K^, defined by K = 
K^p^pv where the p M are the canonical momenta. If this complete separation was valid for 
all m 2 , then K^ u would be a Killing tensor, and would satisfy V ^K va ) = 0. However, as the 
Hamilton- Jacobi equation only appears to separate if m 2 = 0, then we would only expect K^ v 
to be a conformal Killing tensor, which would satisfy VuK^ = g^ v V a ) for some co-vector 
field V„. 



We find that is given by: 
1 



+ 



4<7 

e 2 cot 2 e 



A 6 



12# 4 A0 + 



w + 



1 — <a< — ] b . 



~ 2 fan 2 ft 

o'IOj, H : oZA, 



• — 'a — '6 



A g "<P"i> 1 A e ^ ^ A e * ^ ^ ^ 
In order to find V a , we can use equation (|2.15|) with the result: 

d B H* 



Hi 



V„ 



d e (r'Hs)5;. 



(4.13) 



(4.14) 



4.2 The Klein-Gordon equation 

As in the previous cases, we are unable to separate the Klein-Gordon equation in the massive 
case due to the nature of the function H 3. Taking the massless Klein-Gordon equation (|2.17|) 
and substituting into it the separable Ansatz (|2.18|) . we find the following equation for 0(0): 



1 



d 



9 sin 9 cos 9 d9 



sin 9 cos 9 A, 



de 




2(q + p)coE a E b 
9^e 



a 2 E 2 a cot 2 9 + 2af3E a E b f3 2 E 2 tan 2 9 



A fl 



k. 



(4 - 15) 

where k is the separation constant. The analytic structure of this equation can be seen more 
easily if we make the standard change of variable z = sin 2 9. This gives us 







+ 




2gz(l-z)A 2 z Az 2 A 2 z 4(1 - z) 2 A 2 2z(l - z)A 2 z 4z(l - z)A 



9,(4.16) 



g 2 (a 2 — b 2 )(z — d). This differential equation has four 



where d = E a /g 2 {b 2 — a 2 ) and A z 
regular singular points and can be put in the form of Heun's equation. In the case where the 
rotation parameters are equal, this differential equation has regular singular points at z — 0, 
z = 1 and z = 00 and the solution can again be given in terms of hypergeometric functions. 
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5 General Results 



A rank 2, conformal Killing tensor, K pv in D dimensions is a symmetric tensor that generates 
a non-trivial symmetry on the phase space for massless particles. From the perspective of 
integrability, a non-trivial conformal Killing tensor gives rise to an extra constant of the 
motion that is quadratic in the canonical momenta. Together with the constants of motion 
due to the Killing vectors and conformal Killing vectors of the spacetime, there are enough 
constants of the motion to completely describe the geodesic motion of massless particles giving 
rise to an integrable system. Conformal Killing tensors obey the equation 

VfrK V p) = g^uVp), (5.1) 

for some co-vector field V p . If V p = 0, then K pv is a Killing tensor. By contracting (|5.1jl with 
g pv , one obtains an equation for the associated vector field, V 1 : 

V" = ^ VvK " V + DT2 WK ^ (5 ' 2) 



Clearly, any rank two tensor of the form K pu = A(x p )g' iu will obey (j5.1j) with Vp = V^A, 
so in that sense, any spacetime possesses an infinite family of conformal Killing tensors just 
as any constant multiplying the inverse spacetime metric will be a Killing tensor. However, 
in certain circumstances, one finds second rank tensors that obey (|5.1jl . but which are not 
conformal to the spacetime (inverse) metric. These are non-trivial conformal Killing tensors. 
Given a non-trivial conformal Killing tensor, one can define an equivalence class so that two 
conformal Killing tensors are in the same equivalence class if they differ by some function 
multiplying the inverse metric, that is: 

K» v ~ IT ^ = L» v + k(x p )g^ (5.3) 

for some function, A. If Vp and Up are the co-vectors associated to and L pu respectively, 
then 

Vp = Up + VpA. (5.4) 

So, the associated vector fields transform within each equivalence class like U(l) gauge fields 
which implies that we can define a gauge-invariant field strength on each equivalence class of 
conformal Killing tensors: 

Fp V = VpV v - W v Vp. (5.5) 

We shall now prove a lemma that shows, under reasonable assumptions, that cohomogeneity 
2 metrics where the inverse metric can be additively separated after multiplying through by 
some function admit a conformal Killing tensor, and we show that the associated (co-)vector 
takes the expected form. We shall prove this result in five-dimensions, but generalisations to 
higher dimensions follow trivially. 

Lemma: Let gp V be the metric on a five- dimensional spacetime with coordinates t, r, 6, <p and 
ijj and let the metric have cohomogeneity 2 so that gp V = gp U {f, 0)- We shall also assume that 
the (r, 9) part of the metric can be put into the diagonal form: 

ds 2 rfi = Q(r, 6) (& 2 (6)d6 2 + R 2 (r)dr 2 ^) , (5.6) 
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and suppose that Q(r, 9) g^ v can be written as a tensor depending only on r plus a tensor 
depending only on 9 4 : 

Q(r, 6)g tlv = P» v {9) + S^{r). (5.7) 
Then, P pv {9) and S pu (r) are conformal Killing tensors with corresponding vector fields 

V" = (d Q)g ee 5 p (5.8) 

and 

U» = (d r n)g rr 5? (5.9) 

respectively. 

Proof: Let P pu (9) be defined by equation (|5.7jl . We shall evaluate (|5.1j) with all three indices 
raised in order to minimise calculational effort. 

y (m p^p) _ g a ^d a P up ^ + g a ^T u P P ^ T + g r7 ^T p P U ^ T 

= g^d e P vp) + V W + <7™ jCT - ^, Q )P p)r 

= g ee 5^de({lg up) ) + \g^g^g uafi P p ^ + \g° {p tf^g^P^ 

= g 06 5^g^d e n + ng e9 8^d e g vp) + n^%V V W #W 

= g^(5$g e9 d e n). (5.10) 



In performing this calculation, we have made use of the facts that P rAt = 0, P^ 9 = P 0e 5g as 
the (r, 9) part of the metric is diagonal and d il P vp = 5 ^dgP up as P^ u is a function of 9 only. 
The | a | notation means that the index a should not be included in the symmetrisation of the 
indices. 

Thus, we have proved that P^ u {9) is a conformal Killing tensor. Moreover, we have shown 
that the associated vector field is V p = 5gg ee dgQ and the co-vector field is = 5^deQ. The 
corresponding result from the r-dependent conformal Killing tensor, is = 5 r ^d r Q. 

It is immediately apparent that the two conformal Killing tensors, P pu and S pu , have different 
vector fields associated to them. However, up to a sign, they give rise to the same constant 
of the motion when one separates the Hamilton- Jacobi equation. To see this, we consider the 
Hamilton- Jacobi equation, 

«? + V|?# = o (5.1D 

dr 2 y dx»dx v V ' 

and we seek a separable solution to it, of the form 5 

S = l -m 2 T - Et + $0 + *V + S r (r) + S e (9). (5.12) 



4 The first two of the solutions that we studied can be put into the canonical form given in [23j which 
possesses all of these properties. The third solution that we studied a ls° matches these criteria. Therefore, 
these assumptions on the properties of the metric are reasonable. 

5 The black hole spacetimes that we have considered have Killing vectors dt, and 9^,, so these coordinates 
appear linearly in Hamilton's principal function. 
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Inserting this into (|5.1ip . and multiplying through by 2Q, we find: 



= m 2 Vt+{-E) 2 {P tt + S tt ) + 2{-E)<$>{P t * + S t<t> ) + 2{-E)^>{P ti) + S^) 

+ ^fj +fr (^j, ( , 13) 

The function Q is not generally the sum of a function of r and a function of 9, so the r 
and 6* dependence can only be separated in the massless case, that is if m 2 = 0. Given a 
separable solution to the Hamilton- Jacobi equation, we can deduce the geodesic equations up 
to quadratures. Having set m 2 = 0, the r and 9 dependence can be separated as follows: 



K = (-E) 2 P U + 2(-E)<$>P t * + 2(-E)^P^ 



2 



_l_ $2p00 + 2 ^$p^ _|_ _|_ pee | i ^ (5-14) 



and 



K = {-E) 2 S tt + 2{-E)$S t4, + 2{-E)qS^ 



2 



+ § 2 S H + 2^<&S H} + * 2 S^ + S rr ]^rj ■ (5.15) 

Letting K = K^p^p^, where K^ v is the conformal Killing tensor, we have a choice. We can 
choose K^ u = P^ u or K^ u = — S^ LU . So, the two possible conformal Killing tensors differ 
by fig 11 ", and thus lie in the same equivalence class. This also explains the difference in the 
associated vector fields. 

Independently of the choice of conformal Killing tensor, the only non-zero components of the 
associated field strength, F^, are F r g = —Fg r = d r deQ. In the case where fl = f(r) + g(9), 
this field strength vanishes which is unsurprising because in that case, we would have a Killing 
tensor and not a conformal Killing tensor. 



5.1 Relation to Killing tensors 

Here we consider the case when Q(r, 9) can be written as a function of r plus a function of 
9. This will give rise to Killing tensors rather than conformal Killing tensors. Let Q(r, 9) = 
f(9) + h(r). Then the equation for the separation of the inverse metric can be written as: 

(f(9) + h{r))sT = P^tf) + S^{r). (5.16) 
As it stands, P^ u and S^ u are conformal Killing tensors, but it is easy to show that 

pl „v = plw ^ _ f^ g ^ and S >n» = S^{r) - h(r)g^ (5.17) 

are Killing tensors. In fact, it is very easy to see that P'^ = —S'^ u . 
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5.2 Relevance of the vector field 



We have seen that the constant of motion that arises in the separation of the massless 
Hamilton- Jacobi equation can be expressed in terms of a conformal Killing tensor, and that in 
reality, there are two possible conformal Killing tensors that will give rise to the same constant 
of motion. As we discussed earlier, these two conformal Killing tensors have different vector 
fields associated to them, so this raises the question as to what, if any, physical relevance can 
be attached to these vector fields. 

If we compute the Poisson bracket of K = K^ u p^p v with the Hamiltonian, H = g^p^Pu, we 
find the rather simple result 

{K,H} = 2H{V* Pll ), (5.18) 

where V 1 is the vector field associated to the conformal Killing tensor, K^ v , and p^ are the 
canonical momenta. 

The Poisson bracket of a function with the Hamiltonian describes the evolution of the function 
along the particle worldline: 

! = {/,#}, (5-19) 

so we see that on massless geodesies (where H — 0) K is constant as expected. We also see 
the importance of the vector field V^. On massive paths, it controls the evolution of the scalar 
quantity K as you go along the particle worldline. Performing the necessary integration, we 
obtain 

K(r) = K -m 2 [ Vp^ dr'. (5.20) 
Jo 

The scalar K differs from the scalar obtained from the other conformal Killing tensor by 
m 2 Vt(r) in the massive case. 



6 Conclusions 

In this paper, we have studied three black hole solutions of five dimensional supergravity 
with three charges and independent rotation parameters. In each case, we found that the 
inverse metric multiplied by some function can be separated, additively, as a function of 
the radial variable, r, and an angular variable, 9. However, the function that we multiply 
the inverse metric by takes a rather unpleasant form unless we simplify matters by taking 
equal rotation parameters or equal charges. This means that the Hamilton- Jacobi equation 
which governs geodesic flow on the cotangent bundle cannot be separated apart from in the 
case of massless particles. The separability in the massless case is linked to the existence 
of a rank two, conformal Killing tensor which we found in all cases. A rank two, conformal 
Killing tensor obeys an equation that involves a (co-)vector field. For the black hole solutions 
under investigation here, we have computed these (co-)vector fields and their rather simple 
expressions have allowed us to suggest and prove a general form. 

The separation of the Hamilton- Jacobi equation involves the introduction of a separation 
constant which appears in both the r and 9 separation equations. Therefore, one can extract 
two conformal Killing tensors for each black hole, although they differ by a function mul- 
tiplying the inverse metric. The associated (co-)vector fields then differ by the gradient of 
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the aforementioned function. The physical relevance of these (co-)vectors can be seen when 
considering the evolution of the quantity K^p^py along a massive particle worldline. 

Finally, we have showed that the Klein-Gordon equation is also separable in the massless case 
for all three black holes considered here. 
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